Absence of stress energy tensor in CFT 2 models
Introduction
Much of the present understanding of quantum field theories was achieved by methods related to internal and space-time symmetries. There are reasons to be interested in objects connected with symmetries which are of a local nature, and in this work we concern ourselves with "densities" generating specific space-time symmetries.
Within the classical framework the relation between local objects and continuous symmetries of a Lagrangean field theory is canonical by Noether's theorem: to each such symmetry we have an explicitly known conserved current, whose integrals over space, the "charges", generate the corresponding symmetry transformation. In quantum field theory the situation is far less satisfactory. If one quantises a classical Lagrangean field theory, it may happen that some symmetries do not survive at all because of renormalisation effects. Moreover, there is no a priori knowledge of "densities" connected with continuous symmetries of a general quantum field theory, although it is possible to characterise such fields abstractly, of course. The nature of conserved currents connected to symmetries at the quantum level (and of their charges in particular) is hard to clarify in general.
These problems are much more accessible for the "global" conformal spacetime symmetry in 1 + 1 dimensions. Here we have an abundance of models for which explicit constructions of a conserved Wightman quantum field are known, which serves as a density for the conformal symmetry. When smeared with suitable test functions, this field actually generates the conformal symmetry in the sense of integrable Lie algebra representations. Its interpretation as a "stress energy tensor" is in direct analogy with the classical object.
Depending on weak assumptions Lüscher and Mack found that stress energy tensors of conformally covariant quantum field theories in 1+1 dimensions always yield a local formulation of the Virasoro algebra [FST89] (theorem 3.1). Hence, we may apply powerful tools connected to the Virasoro algebra and the group of orientation preserving diffeomorphisms on the circle, Diff + (S 1 ). We prove: No such stress energy tensor exists in a class of completely wellbehaved conformal theories in 1 + 1 dimensions, the conformally covariant derivatives of the U(1)-current. These are constructed as fields on Minkowski space and possess conformally covariant extensions on their own Fock space, but they do not transform covariantly with respect to the transformations implementing global conformal symmetry of the U(1)-current (cf appendix).
Yngvason [Yng94] introduced the conformally covariant derivatives as part of a broader class of derivatives of the U(1)-current and established, among other things, that they do not fulfill Haag duality on Minkowski space 1 . Guido, Longo and Wiesbrock [GLW98] studied locally normal representations of these models and found representations of the first derivative, which do not allow an implementation of global conformal symmetry. In a closing side-remark they noted that this contradicts, by unpublished results of D'Antoni and Fredenhagen, presence of diffeomorphism symmetry in these models.
2
We extend this contradiction and provide explicit proof for a general version of the result of D'Antoni and Fredenhagen: Every locally normal representation of a local chiral conformal quantum theory is covariant with respect to global conformal transformations, if this theory is diffeomorphism covariant in its vacuum representation. The unitary, strongly continuous representation implementing conformal symmetry is constructed in the following section; it consists of operators which are inner in a global sense for the representation of the quantum theory.
In the third section we analyse the vacuum Fock spaces of the derivative models. Existence of a stress energy tensor is ruled out trivially for derivatives of degree 2 and higher. For the first derivative general reasoning shows that presence of a stress energy tensor would result in diffeomorphism symmetry of this local quantum theory. This yields a contradiction, as we have pointed out above.
Since our analysis of the conformally covariant derivatives deals with them in terms of their modes and uses features of the local quantum theory they generate, we give the rigorous connection between both formulations in the first appendix, following a method introduced by Buchholz and Schulz-Mirbach [BSM90] . The second appendix contains a crucial, technical lemma on the group Diff + (S 1 ).
2 Diff + (S 1
)-Symmetry and PSL(2, R)-Covariance
In this section, we deduce covariance with respect to global conformal transformations for all locally normal representations of diffeomorphism covariant chiral components of a factorising conformal theory in 1 + 1 dimensions. The main result of this section is of interest on its own, but we need it as the corner stone for the next section. Diffeomorphism covariance of a chiral conformal net A [GL96] means that there is a strongly continuous map U 0 from the orientation preserving diffeomorphisms of the circle, Diff + (S 1 ), into the unitaries on H 0 , the representation space of the vacuum representation of A, implementing a geometric automorphic action α of Diff + (S 1 ):
The localisation regions are open, non-dense intervals I, denoted I ⋐ S 1 , whose causal complements are their open complements, I
′ , in S 1 . If φ acts trivially on an interval I ′ , then Ad U 0 (φ) is to implement the trivial automorphism of A(I ′ ); such φ is said to be localised in I and gives rise to a local operator U 0 (φ) ∈ A(I), by Haag duality of A. U 0 defines a ray representation, as the co-
* commute with A and A is irreducible. We require U 0 (id) = 1l and α ↾ PSL(2, R) to be identical to the global conformal covariance of A. Since Diff + (S 1 ) is a simple group (theorem of Epstein, Herman, Thurston, cf [Mil84] ) the whole representation U 0 is contained in A uni , the universal C * algebra generated by the local algebras A(I), I ⋐ S 1 . In models having a stress energy tensor, the restricted representation U 0 ↾ PSL(2, R) is in fact a representation of PSL(2, R). The further analysis does not require the answer to the cohomological question whether this may be achieved always by a proper choice of phases for U 0 and we shall, therefore, not concern ourselves with this problem.
In this section, we deal with a locally normal representation π of A, i.e. a family of normal representations π I of the local algebras A(I) by bounded operators on a Hilbert space H π , which is required to be consistent with isotony: I ⊂ J ⇒ π J ↾ A(I) = π I . This family lifts uniquely to a representation π of A uni and the π I are given in terms of the embeddings ι I :
It is easy to see, that π • U 0 defines a (generalised) projective representation of Diff + (S 1 ), which implements the automorphic action α and represents the group laws up to multiplication with operators in the centre of π(A uni ). The restrictions of π•U 0 to subgroups of localised diffeomorphisms are weakly and thus strongly continuous by local normality and the local cocycles are phases, since local algebras are factors. We note that π is unital because of local normality.
We will now restrict our attention to the subgroup of global conformal transformations, PSL(2, R), and construct a unitary, strongly continuous representation of its universal covering group PSL(2, R)
∼ from π • U 0 ↾ PSL(2, R). This representation will implement the automorphic action α of PSL(2, R) on A in the representation π and will be inner in the global sense, i.e. it will be contained in the v.Neumann algebra of global observables, π(A) := I⋐S 1 π I (A(I)).
Let us begin with a closer look at the group PSL(2, R) itself. We use the symbol T for the one-parameter group of translations, S for the special conformal transformations, D for the scale transformations (dilatations) and R for rotations. We choose parameters for the rotations such that the rotation group R is naturally isomorphic to R/2πZ.
We can write every
, where each term depends continuously on g (Iwasawa decomposition, [GF93] , appendix I). In fact, any g ∈ PSL(2, R) may be written as a product of four translations and four special conformal transformations, each single of them depending continuously on g, if one uses the identities:
According to lemma 6 (appendix), there are continuous, identity preserving localisation maps Ξ j , j = 1, .., m, which map a neighbourhood of the identity, V ε ⊂ Diff + (S 1 ), into groups of localised diffeomorphisms such that we have
If we specialise to translations, this means that there is an open interval I ε containing 0 for which the mapping t → j π •U 0 (Ξ j (T (t))) is unital and strongly continuous. We extend this map to all of R through a choice of a τ ∈ I ε , τ > 0, the definition t =: n t τ + (t − n t τ ), n t ∈ Z, t − n t τ ∈ [0, τ [, and setting
One can easily check that this is indeed a weakly and thus strongly continuous map into the unitaries of B(H π ) by recognising that the mappings involved are continuous and unital (π(1l) = 1l, Ξ i (id) = id).
We repeat this procedure for the special conformal transformations and setting
)) we define a strongly continuous map π A on all of PSL(2, R); this map has the value 1l on id. The π A (g) represent the group laws up to multiplication with operators in the centre of π(A uni ), i.e. they define a "projective" representation of a generalised nature, which we want to lift to a proper representation of the covering group. To this end we define operators sensitive to the violation of the group multiplication law:
We analyse the two mappings π A , z A :
strongly continuous mapping with unitary values in π(A). The adjoint action of π
A (g), g ∈ PSL(2, R), on π(A) implements the automorphism α g . z A : (g, h) → z A (g, h) defines a
strongly continuous 2-cocycle with unitary values in π(A)
′ ∩ π(A).
Proof: Unitarity is obvious. Strong continuity follows since we multiply continuous funtions. The implementing property of the π A (g) follows immediately by the
) , the subsequent decomposition of these into products of localised diffeomorphisms, the definition of π A (g) and the implementation property of the (generalised) ray representation π • U 0 of Diff + (S 1 ). At this point all but the cocycle properties of z A follow immediately from its definition. If we look at
, insert some identities appropriately, we find:
We write the abelian v.Neumann algebra generated by the cocycle operators z A (g, h) as follows:
is contained in the centre of π(A). Now we are prepared to realise the construction itself:
defines a unitary, strongly continuous representation, whose adjoint action implements the automorphic action α•p on π(A); p denotes the covering projection from PSL(2, R) ∼ onto PSL(2, R).
′ we may apply the direct integral decomposition (cf eg [KR86] , chapter 14). This yields a decomposition of H π as a direct integral of Hilbert spaces H x and it implies: the action of z
, is a multiple of the identity 1l x and thereby defines for almost every x a continuous 2-cocycle ω(f, g) x ∈ S 1 ⊂ C. The action of the operators π A (g) on H x , denoted by π A (g)(x), defines for almost every x a unitary, strongly continuous, projective representation of PSL(2, R).
For Lie groups with a simple Lie algebra the lifting criterion is valid [Sim68] . This ensures for almost every x the existence of continuous phases ω(g)(x),g ∈ PSL(2, R) ∼ , such that ω(g)(x)π A (p(g))(x) defines a representation of PSL(2, R) ∼ . Integrating ω(g)(x) over all x yields a unitary z A (g) ∈ Z A , depending strongly continuously ong. Integrating the ω(g)(x)π A (p(g))(x) yields a unitary, strongly continuous representation U π satisfying equation (1) . U π (g) is an element of π(A) for everyg and implements α p(g) by its adjoint action due to lemma 1.
We come now to the main result of this section. It was known already, perhaps not in the present formulation, to D'Antoni and Fredenhagen; its uniqueness statement is a simple consequence of the fact that PSL(2, R)
∼ is a perfect group (see [Kös02] The construction given here for diffeomorphism covariant theories is more general than the Borchers-Sugawara construction [Kös02] , if these possess locally normal representations which violate positivity of energy 3 . In presence of the spectrum condition both constructions agree by uniqueness.
3 No stress energy tensor in Φ (n)
-models
We seek for a stress energy tensor in the theories defined by conformally covariant derivatives of degree n, denoted by Φ (n) , of the U(1)-current in 1 + 1 dimensions. In agreement with the theorem of Lüscher and Mack and known examples we assume the stress energy tensor to be a local, covariant, conserved, symmetric, traceless quantum field Θ of scaling dimension 2, which is relatively local to the Φ (n) under consideration and a density for its infinitesimal conformal transformations. Because all models involved factorise into chiral components, we shall discuss the situation on the compactified light-ray, i.e. the fields live on S 1 . For further details on the Φ (n) we refer to the appendix. According to the analysis of Lüscher and Mack the commutation relations of Θ have a very specific form [FST89] (theorem 3.1). Θ is a Lie field with an extension proportional to c, the central charge of Θ:
c/2 is the normalisation constant of the two point function of Θ, hence we have c ∈ R + , and, by the Reeh-Schlieder theorem, Θ = 0 if and only if c = 0.
Proposition 4 Assume that there is a stress energy tensor Θ in the model Φ (n)
. Then we have necessarily c ≥ 1, n = 1, and the local quantum theories generated by Θ and Φ (1) coincide. The local theory generated by Θ is diffeomorphism covariant.
Please, mind: The assumption finally leads to a contradiction. This is somewhat startling, because the Fock space of Φ (1) seems to contain just enough space for the action of a stress energy tensor. Apparently, this space, which is specifically taylored on Φ (1) , is too tight in topological terms. Proof: Looking at the commutation relations of the modes of Φ (n) , we learn that the eigenspaces of the conformal Hamiltonian L 0 = Θ([z]) associated with energy 1, . . . , n are all null (see appendix). If n ≥ 2 this yields for
, and hence Θ = 0. By assumption, the Fock space of Φ (1) decomposes completely, as representation space of the Virasoro algebra, into irreducible highest weight representations [Kac90] (Prop. 11.12.c). Since for fixed c < 1 there are only finitely many allowed ground states and the energy eigenspaces are finite dimensional, this decomposition would be finite. For c < 1, the theory generated by the stress energy tensor, A Θ , is "completely rational" [KL02] , a property it would pass on to the theory generated by Φ (1) , denoted A Φ (1) [Lon01] . In particular, A Φ (1) would be strongly additive, which it is not [Yng94] .
The particular shape of Fock space teaches us the following: From the representation theory of the Virasoro algebra for c = 1 [RC85] and for c > 1 [Lan88] (lemma 2) we learn that the set of vectors L −m 1 . . . L −m k Ω, m 1 ≥ . . . ≥ m k > 1, at a particular level i m i is linearly independent, i.e. such a stress energy tensor would generate a dense set of vectors from the vacuum as does Φ (1) . The same goes for the local quantum theories generated by both fields, A Θ and A Φ (1) , respectively.
By conformal covariance and the Bisognano-Wichmann property for chiral conformal theories (cf eg [GL96] ) the local algebras A Θ (I) are modular covariant subalgebras of the local algebras A Φ (1) (I). By results of Takesaki [Tak72], Jones [Jon83] and the Reeh-Schlieder theorem we know that the projection e Θ onto A Θ Ω completely characterises A Θ through A Θ (I) = {e Θ } ′ ∩ A Φ (1) (I). We have just deduced e Θ = 1l, and thus the two local quantum theories coincide. Both fields have to be regarded as different coordinates of the same theory.
The representation of the Virasoro algebra defined by the commutation relations of the stress energy tensor integrates to a projective representation of Diff + (S 1 ) [GW85] . A generating set of the local algebras A Θ (I) is given by all one parameter groups exp(itΘ(f )), supp(f ) ⊂ I, Θ(f ) symmetric, which represent one parameter subgroups of Diff + (S 1 ). This shows diffeomorphism covariance of A Θ and, by assumption, of A Φ (1) .
As a consequence we have the following corollary; with respect to the case n = 1 it may be read as a generalised, rigorous version of the closing remark of [GLW98] :
Corollary 5 The conformally covariant derivatives of the U(1)-current in 1 + 1 dimensions do not contain a stress energy tensor.
Proof: For n ≥ 2 this has been deduced already for proposition 4. By the same proposition A Φ (1) would have a diffeomorphism symmetry and any locally normal representation would be covariant by theorem 3. But [GLW98] have given DHR-automorphisms for this model, which are not covariant. This contradicts the assumption.
Discussion
We have shown that the quantum field theory of the conformally covariant derivatives of the U(1)-current in 1 + 1 dimensions does not contain a stress energy tensor. This adds another detail to their character as archetypes of conformal theories in 1+1 dimensions: In spite of being simple and completely well behaved, they do not exhibit special properties of other comparatively simple models such as strong additivity or presence of a stress energy tensor.
As the main ingredient we have shown: in any locally normal representation there is an inner-implementing representation of the global conformal symmetry, if a theory has a diffeomorphism symmetry. This is not the case for the derivative fields. Nevertheless there always exists a globally inner implementing representation of global conformal symmetry in (reducible) covariant representations of these theories, if the spectrum condition is satisfied: this has been shown by the so-called Borchers-Sugawara construction [Kös02] . If there is a local "density" associated in some sense with the conformal symmetry of these representations, it has to be of a different nature.
We mention just one example why such densities are desirable. Looking at a chiral conformal theory B in its vacuum representation and at a covariant subnet A ⊂ B, the question arises, whether the local relative commutants A(I) ′ ∩ B(I) define a subtheory as well. The problem is to show that the relative commutants increase with I, i.e. to prove isotony for this set. If there is a sufficiently well behaved local density for the dilatations in the globally inner representation U A , this can actually be confirmed. This program has been carried out in presence of stress energy tensors [Kös03] , but it should be feasible in more general settings as well: There ought to be sufficiently many local observables to answer such questions.
A very general quantum version of Noether's theorem exists [BDL86] on grounds of the split property, which is established easily for the conformally covariant derivatives (see appendix). Here, symmetries are implemented on local algebras by operators which are localised in a somewhat enlarged region. These "local implementers" are of a different nature than the local densities we were dealing with, since they define a representation of the respective symmetry group with the same spectral properties as the original one, but it has been established that they provide approximations for the true implementation of the respective symmetry [DDFL87] . But it is not clear, whether these local implementers will prove sufficiently well behaved, if we want to apply them, for example, to the isotony problem.
Carpi [Car99] has reconstructed the stress energy tensor of some models by taking point-like limits of the local implementers applying methods of Jörß and Fredenhagen [FJ96] . This approach might prove useful in the present context, and it seems difficult and interesting enough to explore this in a case study on the conformally covariant derivatives.
will be denoted Φ (n) . The calculation is done best in terms of smeared fields, for details see [FST89] . The test-functions of fields on S 1 and their preimages living on the lightray are connected by a transformation f → f given by the Cayley transformation, which defines the conformal compactification, and the scaling dimension of the respective field; its definition is induced by Φ (n) (f ) ≡ Φ (n) ( f ). We use the shorthand notations ζ := (1 + z), d/dz = ∂ ζ and arrive at:
The identity of the two integration kernels as distributions may be proved inductively. Applying the induction assumption we see that we have to prove:
. One may verify this identity for n = 1 explicitly. Then one proves by induction on n:
The commutation relations for the modes Φ (n)
These relations imply, in particular, that the modes Φ (n) m , |m| ≤ n, are central, which in turn means that all L 0 -eigenspaces for eigenvalues 1, . . . , n are null.
As we can see by looking at their canonical commutation relations, the derivative fields may be treated as local quantum theories of bounded operators in terms of Weyl operators and their relations (cf. [GLW98] ). We take another approach which has been used before by Buchholz and Schulz-Mirbach [BSM90] for the nets of the stress energy tensor and the U(1)-current: By establishing linear H-bounds referring to the conformal Hamiltonian L 0 the Haag-Kastler axioms follow from Wightman's set of axioms. In particular the fields are essentially self-adjoint on the Wightman domain, their bounded functions fulfill locality and the local algebras generate a dense subspace from the vacuum. The local algebras are generated by unitaries W (f ) := exp(i Φ (n) (f )), Φ (n) (f ) symmetric and supp(f ) ⋐ S 1 . The W (f ) are concrete representations of the Weyl operators. We refer for further details on the method to [BSM90] .
If ψ N denotes an arbitrary eigenvector of L 0 with energy N and norm 1, then Φ 
prove inductively using the spectrum condition:
For the generating modes we have: Φ
The zeroth mode is central in the theory and is, therefore, a multiple of the identity. So we have: Φ
, and a vector Ψ from the Wightman domain we have the following linear H-bound:
This is the linear H-bound from which the Haag-Kastler axioms follow as dissussed in [BSM90] . Now shortly on the nuclearity condition for the conformally covariant derivatives of the U(1)-current. Since null vectors reduce the multiplicity of L 0 eigenvalues, the character of e −βL 0 , β > 0, of the vacuum representation of the derivative models is dominated by the L 0 character for the U(1) current, which is given by the combinatorial partition function p(e −β ). The following discussion applies for the same reason to all theories defined by a stress energy tensor and for the U(1) current algebra. p(e −β ) is directly connected to Dedekind's η-function:
For the nuclearity condition we have to check the asymptotic behaviour for β ց 0. This behaviour is determined by the transformation law of η for τ → 1/τ . This reads [Sch74] (III. §3):
β/2π η(iβ/(2π)) = η(i2π/β). We have with β 0 > −1 + π 2 /6 and n = 1:
This estimate is a special form of a nuclearity condition and ensures the split property for all models under consideration by arguments as given in [GF93] (Lemma 2.12.).
Appendix on Diff
The following technical lemma is crucial for the construction in section 2. Basicly, it states: For all elements φ in a neighbourhood of the identity in Diff + (S 1 ) there is a presentation as a finite product of localised diffeomorphisms Ξ i (φ), which are continuous and unital functions of the group element φ. Its general ideas are due to D'Antoni and Fredenhagen.
Lemma 6 Let {I i } i∈Zm be a finite covering of the circle by three or more proper intervals having the following additional properties: I i ∩ I i+1 =: I i,i+1 ⋐ S 1 , I i ∩ I j = ∅ if j ∈ {i ± 1, i}; l denotes the length of an interval (given by the difference of arguments of the boundary points) and we require: l(I i \ j =i I j ) > 0.
We choose a neighbourhood V ε ⊂ Diff + (S 1 ) containing the identity and depending on ε > 0, 1 > δ > 0, such that for all φ ∈ V ε the following conditions are fulfilled:
(i):
|argφ(z) − argz| < εδ 
Proof: Equivalently we look at periodic diffeomorphisms of the real axis: ϕ ∈ C ∞ (R), ϕ ′ (x) > 0, ϕ(x + 2π) = ϕ(x) + 2π. We denote the analogue of ϕ in Diff + (S 1 ) byφ. The preimage of an interval I ⋐ S 1 under the covering projection p will be calledÎ. We choose a smooth partition µ of unity on S 1 satisfying 1 ≥ µ i ≥ 0, supp(µ i ) ⊂ I i . On covering space we define λ i (x) ≡ µ i (p(x)).
We set: Ψ k [ϕ](x) ≡ x + 
